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Abstract
We give a set of local geometric conditions on a spacetime metric which are
necessary and sufficient for it to be a null electrovacuum, that is, the metric is
part of a solution to the Einstein–Maxwell equations with a null electromagnetic
field. These conditions are restrictions on a null congruence canonically
constructed from the spacetime metric, and can involve up to five derivatives
of the metric. The null electrovacuum conditions are counterparts of the
Rainich conditions, which geometrically characterize non-null electrovacua.
Given a spacetime satisfying the conditions for a null electrovacuum, a
straightforward procedure builds the null electromagnetic field from the
metric. Null electrovacuum geometry is illustrated using some pure radiation
spacetimes taken from the literature.
Keywords: Einstein–Maxwell equations, electrovacuum, Rainich conditions,
null electromagnetic field, Newman–Penrose formalism, null congruence, pure
radiation spacetime
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1. Introduction
The purpose of this paper is to obtain local, geometric conditions on a spacetime metric which
are necessary and sufficient for the existence of a local solution of the Einstein–Maxwell
equations with everywhere null electromagnetic field. The conditions we shall derive are
counterparts of the Rainich conditions, which geometrically characterize spacetimes featuring
in non-null solutions to the Einstein–Maxwell equations. The following introduction gives the
origins of this problem and summarizes the solution we have obtained.
Let (M, g) be a spacetime of signature (− + ++), let ∇ be the torsion-free derivative
compatible with g, let Rab and R be the Ricci tensor and Ricci scalar of g, and let F be a 2-form
on M. The Einstein–Maxwell equations (with vanishing electromagnetic sources) are
Rab − 12 Rgab = FacFbc − 14 gabFcdFcd, (1.1)
0264-9381/14/045022+19$33.00 © 2014 IOP Publishing Ltd Printed in the UK 1
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∇aFab = 0 = ∇[aFbc]. (1.2)
Given a solution (g, F ) to these equations, the underlying spacetime will be called an
electrovacuum spacetime. If the electromagnetic field F satisfies
FabFab = 0 = abcdFabFcd (1.3)
at a point we say the electromagnetic field is null at that point. Here abcd is the volume form
determined by the metric. If a solution (g, F ) to (1.1), (1.2) satisfies (1.3) everywhere we will
say the spacetime is a null electrovacuum. If the electromagnetic field nowhere satisfies (1.3)
we will say the spacetime is a non-null electrovacuum.
Long ago, Rainich showed that non-null electromagnetic fields can be determined purely
in terms of the spacetime metric. In particular, the following conditions on a metric g are
necessary and sufficient for the existence of a local solution of the Einstein–Maxwell equations
with non-null electromagnetic field [1, 2]:
R = 0, RbaRcb − 14δcaRmnRmn = 0, Rabtatb > 0, (1.4)
∇[a
(
b]cde
Rcm∇dRme
Ri jRi j
)
= 0. (1.5)
Here ta is any time-like vector field. The algebraic Rainich conditions (1.4) are necessary
and sufficient for the existence of a 2-form F which satisfies the Einstein equations (1.1).
The differential Rainich condition (1.5), which contains as many as four derivatives of the
spacetime metric, is necessary and sufficient for such a 2-form to also solve the Maxwell
equations (1.2).
The proof that the Rainich conditions are necessary and sufficient for the existence of a
solution to the Einstein–Maxwell equations is constructive: there is a straightforward procedure
which starts from a metric g satisfying (1.4), (1.5) and constructs a 2-form F such that (g, F )
solve (1.1), (1.2). In fact, associated to any metric satisfying the Rainich conditions there is
a one-parameter family of electromagnetic fields. This is because of the duality symmetry
admitted by the Einstein–Maxwell equations. If (g, F ) is a solution to the Einstein–Maxwell
equations, then (g, F(θ )) solves the Einstein–Maxwell equations, where
F(θ ) = cos(θ )F − sin(θ )F, θ ∈ R. (1.6)
Here  denotes the Hodge dual,
Fab = 12abcdFcd . (1.7)
Thus solutions to the Einstein–Maxwell equations with non-null electromagnetic field
can be characterized in terms of ‘Rainich geometry’, which is defined by a set of local
geometric conditions generalizing the local condition Rab = 0 for vacuum spacetimes.
Moreover, the Rainich conditions and the procedure for building the electromagnetic 2-form
from a metric satisfying the Rainich conditions define an algorithm for solving the Einstein–
Maxwell equations from a given input metric. This algorithm is amenable to computer
automation. For example, it is implemented via the commands RainichConditions and
RainichElectromagneticField in the Maple package DifferentialGeometry [3].
Evidently, the differential Rainich condition (1.5) is not defined at points where
RabRab = 0. This occurs precisely at points where the electromagnetic field is null. Rainich
geometry only describes non-null electrovacua. The algebraic Rainich conditions (1.4) are still
valid in the null case, it is only the differential Rainich condition (1.5) which fails. Geroch [4]
has extended the Rainich theory to allow for electromagnetic fields which may be null and
given a prescription for determining whether a given spacetime geometry arises from a solution
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of the Einstein–Maxwell equations. Geroch’s analysis thus completes a ‘geometrization’ of
the electromagnetic field, insofar as it is possible. However, Geroch’s analysis does not lead
to a description of null electrovacua comparable to that of Rainich geometry for the non-null
electrovacua. In particular, the analysis does not provide a set of local, geometric conditions
on a metric which are necessary and sufficient for the spacetime to be a null electrovacuum.
In this paper we provide local, geometric conditions on a metric which are necessary and
sufficient for it to be a null electrovacuum. Like the Rainich geometry description of non-null
electrovacua, the geometric characterization of null electrovacua we obtain here is sufficiently
straightforward to lead to a simple algorithm for solving the null Einstein–Maxwell equations
starting from a given metric.
It has been known for a long time that null electromagnetic fields determine a shear-free,
geodesic, null congruence [5, 6]. For this reason our analysis and results are framed within
the Newman–Penrose formalism, which is especially well-suited to such situations. In the
next section we set up the Einstein–Maxwell equations for a null electromagnetic field in the
Newman–Penrose formalism. For the most part, this is a review of the results of Ludwig [7],
who has provided the foundation for this investigation. In terms of the preferred congruence
mentioned above, the Einstein–Maxwell equations reduce to three linear inhomogeneous PDEs
for one function. The integrability conditions for these PDEs are computed and characterized
in sections 3 and 4; these integrability conditions represent the principal contribution of this
paper. The integrability conditions are geometric restrictions on the shear-free, geodesic,
null congruence and hence they are geometric restrictions on the spacetime. They provide
the local, geometric conditions for null electrovacua which replace the differential Rainich
conditions (1.5).
In the generic case where the shear-free, null, geodesic congruence is twisting, there are
two (rather complicated) integrability conditions involving as many as five derivatives of the
spacetime metric. Spacetimes satisfying these conditions determine the electromagnetic field
up to a duality transformation (1.6). In the special case where the congruence is twist-free,
the two integrability conditions reduce to a single condition depending on as many as four
derivatives of the metric and the resulting electromagnetic field depends upon an arbitrary
function of one variable1. In section 5 we illustrate our results using various pure radiation
spacetimes taken from the literature. In section 6 we summarize the main results by giving a
simple algorithm which takes as input a spacetime metric and determines whether it defines a
null electrovacuum and, when it does, builds the null electromagnetic field.
An appendix provides some technical details of the analysis. All functions considered
in this paper are assumed to be C∞. Maple worksheets which document much of this paper,
provide additional examples, and provide code for performing various calculations can be
found at http://digitalcommons.usu.edu/dg_applications. In particular, see the
worksheets titled Rainich-type Conditions for Null Electrovacua.
2. The Einstein–Maxwell equations in the null case
We consider the Einstein–Maxwell equations (1.1), (1.2) along with the assumption that the
electromagnetic field is everywhere null, (1.3). We first review some well-known algebraic
results. See, e.g., [2]. The Einstein equations (1.1) and the condition (1.3) imply that the Ricci
tensor is null and positive, in the sense that
Raa = 0, RabRbc = 0, Rabtatb > 0, (2.1)
1 The change in the degree of uniqueness of the electromagnetic field going from the twisting case to the twist-free
case was already recognized by Geroch and Ludwig.
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where t is any time-like vector field. This is equivalent to the statement that the spacetime is a
‘pure radiation’ solution of the Einstein equations. In particular, there exists a null vector field
ka, gabkakb = 0, such that
Rab = 14 kakb. (2.2)
The coefficient of 1/4 in (2.2) is only for later convenience. Other normalizations could be used,
although some subsequent formulas would take a different form from what we present. Notice
that k satisfies (2.2) if and only if −k satisfies (2.2). The integral curves of the vector field k
determine a null congruence and it is really this congruence which is uniquely determined by
the null Ricci tensor. The contracted Bianchi identity implies that this congruence is composed
of geodesics.
Thus, associated to every solution of the Einstein equations with null electromagnetic
field is a null geodesic congruence C whose tangent vector field defines the null Ricci (or
Einstein) tensor. Conversely, given a metric with a null Ricci tensor, (2.2), there exists a family
of null 2-forms whose electromagnetic energy–momentum satisfies the Einstein equations. To
see this, fix any spacelike unit vector field sa orthogonal to ka,
gabsasb = 1, gabsakb = 0. (2.3)
Define
fab = k[asb], (2.4)
which is easily checked to be a null 2-form. It follows that
fac fbc − 14 gab fcd f cd = 14 kakb. (2.5)
Thus the condition (2.1), equivalently (2.2), is equivalent to solving Einstein’s equation (1.1)
with a null 2-form field.
Of course the spacelike vector field sa—and hence fab—is far from unique. The most
general null 2-form whose energy–momentum tensor equals the Einstein tensor is of the form
[2]
Fab = cos(φ) fab − sin(φ) fab, (2.6)
where φ : M → R is any function. This local duality transformation represents the freedom
in picking the vector field sa in (2.4).
To summarize: a null electrovacuum has a null Ricci tensor, which determines a null
geodesic congruence C from which we can build the solution space (2.6) of the Einstein
equations (1.1).
We now wish to impose the Maxwell equations (1.2) on the family of 2-forms (2.6). To
this end it is advantageous to employ the Newman–Penrose formalism [8, 9], which is defined
by a choice of null tetrad. Given the preferred congruence C with tangent field k, we define a
null tetrad adapted to k to be any extension of k into a null tetrad. This will be any choice of
null vector fields (l, m, m) such that the tetrad (k, l, m, m) satisfies
gabkalb = −1, gabmamb = 1, (2.7)
with all other scalar products vanishing. Here k and l are real and m is the complex conjugate
of m. Our analysis will employ the Newman–Penrose formalism associated to any adapted
tetrad. Our results will be independent of the choice of adapted tetrad and will be determined
solely by the spacetime geometry.
We fix an adapted tetrad and set
sa = 1√
2
(ma + ma). (2.8)
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We then substitute (2.6) into the Maxwell equations (1.2) and take components of the resulting
equations with respect to the adapted tetrad. We then express everything in terms of the
Newman–Penrose spin coefficients, as defined in [8, 9], and directional derivatives, defined by
D = ka∇a,  = la∇a, δ = ma∇a, δ = ma∇a. (2.9)
The resulting equations are [7]:
κ = 0 = σ (2.10)
1
i
Dφ − 2 + ρ = 0, 1
i
δφ + τ − 2β = 0, iδφ + τ − 2β = 0. (2.11)
Thus a null electrovacuum determines a shear-free (σ = 0), geodesic (κ = 0), null congruence
and, given an adapted tetrad, a function φ satisfying 3 linear, inhomogeneous PDEs.
Remarks:
• Another way to obtain (2.10) and (2.11) is to start with the Newman–Penrose form of the
Maxwell equations (see [8, 9]). In an adapted tetrad, the definitions (2.4) and (2.6) imply
the electromagnetic scalars satisfy 0 = 1 = 0, 2 = 14 eiφ . The Maxwell equations
immediately reduce to (2.10) and (2.11).
• From the contracted Bianchi identity and the normalization (2.2) it follows that the
parametrization of the geodesics defined by k is such that in an adapted tetrad we have
(ρ) = 2(). (2.12)
This is the real part of the first equation in (2.11), so (2.11) represents three real PDEs for φ.
Notice that the geodesics determined by k are affinely parametrized only if the divergence
of k vanishes, that is, (ρ) = 2() = 0.
• From (2.10), (2.2), and the Goldberg–Sachs theorem [9], all null electrovacua are
algebraically special with k being a repeated principal null direction.
• Using the adapted null tetrad, the Newman–Penrose curvature scalars satisfy:
0 = 1 = 00 = 01 = 10 = 02 = 20 = 11 = 12 = 21 =  = 0.
(2.13)
The Maxwell equations for null electromagnetic fields, (2.10) and (2.11), are constructed
from a tetrad adapted to k. However these equations do not depend in any essential way upon
the choice of k or the choice of tetrad adapted to k. To see this we proceed as follows. First,
in general any two null tetrads differ by a transformation from the group of ‘local Lorentz
transformations’, which is the group of mappings from M into the Lorentz group. Any two
tetrads adapted to k will then be related by a local Lorentz transformation which fixes k. Any
such transformation is a composition of two types of local Lorentz transformations: a local
spatial rotation and a local null rotation about k. These transformations are given, respectively,
by
(k, l, m, m) −→ (k, l, e2iθm, e−2iθm), (2.14)
(k, l, m, m) −→ (k, l + cm + c m + |c|2k, m + ck, m + ck), (2.15)
where θ : M → R and c : M → C. These changes of tetrad induce well-known transformation
laws for the Newman–Penrose spin coefficients; see e.g., [8]. From these transformation laws
it follows that (2.10) and (2.12) are preserved under a change of adapted tetrad. Moreover, if
φ solves (2.11) for one choice of adapted tetrad, then under a change of tetrad, as described
above, φ − 2θ satisfies (2.11) for the transformed tetrad [7]. In this sense the group of local
Lorentz transformations mapping one adapted tetrad to another is a symmetry group for the
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Maxwell equations for null fields, and equations (2.10), (2.11) are independent of the choice
of tetrad adapted to k.
Finally, it is straightforward to verify that the transformation
k → −k, l → −l (2.16)
is also a symmetry of the equations (2.10)–(2.12). More precisely, these equations transform
homogeneously at most. Therefore, if any equation from (2.10)–(2.12) is satisfied it will still
be satisfied after making the redefinition (2.16). This transformation is relevant since the
spacetime geometry only determines the vector field k up to a sign via (2.2). This symmetry
and the local Lorentz symmetry described above guarantee that the equations (2.10)–(2.12)
are geometrically defined by the spacetime metric only. We will have more to say on this point
in section 4.
3. Integrability conditions
Let us summarize the situation so far. Let g define a null electrovacuum. It follows that the
Ricci tensor of g is null. The null Ricci tensor determines a null congruence in spacetime
which must be geodesic and shear-free. In terms of this congruence the Einstein–Maxwell
equations reduce to three linear, inhomogeneous PDEs (2.11) for a function φ. We now
compute the integrability conditions for these PDEs. These conditions, which are additional
geometric conditions on the congruence, will lead to the null electrovacuum counterpart of
the differential Rainich condition (1.5) for non-null electrovacua.
The nature of the integrability conditions for (2.11) depends upon whether the distribution
D, defined as the span of (k, m, m) at each point of M, is integrable, that is, whether
[D,D] ⊂ D. In terms of the Newman–Penrose formalism for any null tetrad (k, l, m, m)
we have [8]:
[m, k] = (α + β − π)k + κl − (ρ +  − )m − σm,
[m, k] = (α + β − π)k + κl − σm − (ρ +  − )m,
[m, m] = (μ − μ)k + (ρ − ρ)l + (α − β)m − (α − β)m,
[m, l] = −νk + (τ − α − β)l + (μ − γ + γ )m + λm
[m, l] = −νk + (τ − α − β)l + λm + (μ − γ + γ )m
[k, l] = −(γ + γ )k − ( + )l + (τ + π)m + (τ + π)m. (3.1)
Evidently, given κ = 0, D is integrable if and only if the rotation—or ‘twist’—scalar ω
vanishes, where
ω = −	(ρ). (3.2)
The distribution D and its integrability is a property of the null geodesic congruence C and is
independent of the choice of k or tetrad adapted to it.
In what follows we will also need the dual basis to the null tetrad and its structure equations.
We denote the basis of 1-forms dual to eα = (k, l, m, m) by α = (k,l,m,m). The
dual basis satisfies
α(eβ ) = δαβ (3.3)
and
dk = (γ + γ )k ∧ l + (α + β − π)k ∧ m + (α + β − π)k ∧ m
−νl ∧ m − (μ − μ)m ∧ m (3.4)
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dl = ( + )k ∧ l + κk ∧ m + κk ∧ m + (τ − α − β)l ∧ m
+(τ − α − β)l ∧ m − (ρ − ρ)m ∧ m (3.5)
dm = (τ + π)l ∧ k + ( −  − ρ)k ∧ m + (μ − γ + γ )l ∧ m
+(α − β)m ∧ m − σk ∧ m + λl ∧ m (3.6)
dm = (τ + π)l ∧ k + ( −  − ρ)k ∧ m + (μ − γ + γ )l ∧ m
−(α − β)m ∧ m − σk ∧ m + λl ∧ m. (3.7)
3.1. Twisting case, ω = 0
In this sub-section we assume that ω = 0 and that (2.10) and (2.12) hold. Thus the null
congruence C is twisting, shear-free, and geodesic. Consider the identity
[δ, δ]φ − δ(δφ) + δ(δφ) = 0. (3.8)
Using (3.1) to compute the bracket and using (2.11) to evaluate the various derivatives, we
obtain an additional differential equation for φ:
ωφ + 12 (μ − μ)(ρ − 2) + [(δ + β − α)(τ − 2β)] = 0. (3.9)
Thus the equations determining φ are (2.11) and their consequence (3.9). These equations can
be written in terms of differential forms as
dφ = A, (3.10)
where A is a (real) 1-form given by
A = i(2 − ρ)k − 1
ω
{
1
2
(μ − μ)(ρ − 2) + [(δ + β − α)(τ − 2β)]
}
l
+i(2β − τ )m − i(2β − τ )m. (3.11)
Therefore, according to the Poincare´ lemma [10], local smooth solutions φ exist, unique up to
addition of a constant, if and only if
dA = 0. (3.12)
This condition represents six equations which can be obtained by contraction with pairs of
basis vectors. These equations are
I1 = I2 = I3 = I4 = I5 = I6 = 0, (3.13)
where, using (3.4)–(3.7), we have
I1 ≡ − ω2dA(m, l)
= ωδ{[δ(τ − 2β)]} − [δω + ω(τ − α − β)][{(δ + β − α)(τ − 2β)}
+ i	(μ)(ρ − 2)] + ω
2
{βδ(2α + τ − 4β) + βδ(2α + τ − 4β) + 2iδ(	(μ)(ρ − 2))
+ τδ(β − α) + τδ(β − α) − αδ(τ − 2β) − αδ(τ − 2β)} − iω2(τ − 2β)
+ ω2[ν(ω + 2	()) − (τ − 2β)(2	(γ ) + iμ) + iλ(τ − 2β)], (3.14)
I2 ≡ − ω2dA(m, l)
= ωδ{[δ(τ − 2β)]} − [δω + ω(τ − α − β)][{(δ + β − α)(τ − 2β)}
− i	(μ)(ρ − 2)] + ω
2
{βδ(2α + τ − 4β) + βδ(2α + τ − 4β) − 2iδ(	(μ)(ρ − 2))
+ τδ(β − α) + τδ(β − α) − αδ(τ − 2β) − αδ(τ − 2β)} + iω2(τ − 2β)
+ ω2[ν(ω + 2	()) − (τ − 2β)(2	(γ ) − iμ) − iλ(τ − 2β)], (3.15)
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I3 ≡ − ω2dA(l, k)
= ω2{−2(γ )[ω + 2	()] − 2	[(τ + π)(τ − 2β) + i(ρ − 2)]}
+
[
((δ − α + β)(τ − 2β)) + i
4
(ρ − 2)	(μ) − 3
4
i	(μ)(ρ − 2)
]
× [−2ω() + Dω] − ω
{
− ((τ − 2β)Dα) + τ(Dβ) + iρ	(Dμ) + 	(μ)Dω
+ 2	(D)	(μ) + 2
[
1
2
Dδ(τ − 2β) − 2βDβ − Dμ
]
− i	(τ )Dβ
+ [2αDβ + (β − α)Dτ ] + 2()Dμ
}
, (3.16)
I4 ≡ −idA(m, k)
= (D − ρ)(τ − 2β) + (δ − α + β + π − τ )( − ) + i(δ + π − α − β)ω, (3.17)
I5 ≡ idA(m, k)
= (D − ρ)(τ − 2β) − (δ − α + β + π − τ )( − ) − i(δ + π − α − β)ω, (3.18)
I6 ≡ dA(m, m) = 0. (3.19)
Evidently, condition I6 = 0 is trivial. We shall see in section 4 that conditions I3 = 0, I4 = 0
and I5 = 0 are also trivial, so that it is only the conditions I1 = I2 = 0 on the twisting,
shear-free, null, geodesic congruence C which define null electrovacua.
3.2. Twist-free case, ω = 0
Here we consider the special case where the congruence has everywhere vanishing twist,
ω = 0. We still assume that (2.10) and (2.12) hold. In this case the distribution D ⊂ T M
defined by
D =
⋃
p∈M
Dp, (3.20)
Dp = span{k, m, m}|p (3.21)
is integrable. We can then write M = R × where we label the embedded null hypersurfaces
 by u ∈ R. For each u, the vector fields (k, m, m) are everywhere tangent to . This foliation
of M by  is determined by the congruence C alone and is independent of the choice of tetrad
adapted to k. We denote by (˜k, ˜m, ˜m) the basis dual to (k, m, m) on  for each u.
The equations (2.11) can now be viewed as a one-parameter family of differential equations
for a one-parameter family of functions φ˜(u) :  → R. With this interpretation we can express
these equations as
dφ˜(u) = A˜(u), on , (3.22)
where A˜(u) is a one-parameter family of 1-forms on  given by
A˜(u) = i(2(u) − ρ(u))˜k + i(2β(u) − τ (u))˜m − i(2β(u) − τ (u))˜m. (3.23)
Therefore, according to the Poincare´ lemma, local smooth solutions φ˜(u) :  → R exist,
unique up to an additive constant, if and only if
dA˜(u) = 0 on . (3.24)
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Provided (3.24) holds for all u, it follows from the form of the solution provided by the
homotopy operator proof of the Poincare´ lemma that the solutions φ˜(u) determine smooth
local solutions φ : M → R of (2.11). The resulting solution φ will be unique up to addition of
a function of u.
The integrability condition dA˜ = 0 represents three equations which can be obtained by
contraction with pairs of vectors taken from (k, m, m). These equations are (for each value of
u—we leave this variable implicit for simplicity)
J1 = J2 = J3 = 0, (3.25)
where
J1 ≡ − i2dA˜(m, m) = [(δ + β − α)(τ − 2β)] −
1
2
(μ − μ)( − ), (3.26)
J2 ≡ −idA˜(m, k) = I4|ω=0, J3 ≡ idA˜(m, k) = I5|ω=0. (3.27)
In the next section we shall see that the conditions J2 = 0 = J3 are trivial, so that it is only
the condition J1 = 0 on the twist-free, shear-free, null, geodesic congruence C which defines
null electrovacua.
Finally, we note that the integrability conditions for the twisting case, as defined in the
previous section, become trivial in the limit ω → 0. In this limit one of the equations for φ,
(3.9), reduces to the integrability condition J1 = 0 for the remaining equations (2.11). In this
way a null electrovacuum with a twisting congruence reduces to a null electrovacuum with a
twist-free congruence.
4. Invariance properties and a minimal set of integrability conditions
We now consider in some detail the transformation of the integrability conditions induced by a
change of adapted tetrad, as described in section 2. The first result we need is the transformation
properties of A and A˜ under a change in tetrad involving a local spatial rotation (2.14), a local
null rotation (2.15) and a change in the sign of k. For all computations in this section we will
assume the null congruence C is geodesic and shear-free, (2.10), and that (2.12) holds.
The transformation of spin coefficients under such transformations of the null tetrad can
be found in many standard references, see, e.g., [8]. The transformations of the dual basis on
M induced by the transformations (2.14), (2.15), and k → −k are given by, respectively,
(k,l,m,m) → (k,l, e−2iθm, e2iθm),
→ (k − cm − cm + |c|2l,l,m − cl,m − cl ),
→ (−k,−l,m,m). (4.1)
The transformations of the dual basis (˜k, ˜m, ˜m) to (k, m, m) on  are given by
(˜k, ˜m, ˜m) → (˜k, e−2iθ˜ ˜m, e2iθ˜ ˜m),
→ (˜k − c˜˜m − c˜˜m, ˜m, ˜m),
→ (−˜k, ˜m, ˜m). (4.2)
Here we are viewing c˜ and θ˜ as one-parameter families of functions on .
We now use the transformation of the spin coefficients and the change of dual basis
shown above to compute the change in A and A˜. A straightforward computation reveals that
the 1-forms A on M and A˜ on  are unchanged by the redefinition k → −k. A more lengthy
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but straightforward computation shows that A and A˜ are unchanged by a local null rotation2.
Finally, under a local spatial rotation we have
A → A − 2dθ, on M (4.3)
A˜ → A˜ − 2dθ˜ , on . (4.4)
It follows that the 2-forms dA on M and dA˜ on  are unchanged by a change of adapted tetrad
and/or a change in sign of k. Thus the integrability conditions dA = 0 on M and dA˜ = 0 on 
represent geometric restrictions on C, which can be viewed as local, geometric conditions on
the spacetime metric.
Using the invariance of dA under the transformations (2.14), (2.15), and k → −k we easily
infer from their definitions that I4 and I5 transform by simple rescalings, at most. In addition,
I3 transforms into a linear combination of itself and I4 and I5. Thus if I3 = I4 = I5 = 0
for any one tetrad adapted to any choice of k, it will hold for all tetrads adapted to any choice
of k. Similarly, J2 and J3 transform by simple rescalings at most. Thus, if J2 = J3 = 0
hold for any one tetrad adapted to any choice of k, they will hold for all tetrads adapted to
any choice of k. These observations allow for a relatively quick proof of the fact that the
conditions I3 = I4 = I5 = 0 in the twisting case, and J2 = J3 = 0 in the twist-free case,
are all trivially satisfied for the shear-free null geodesic congruence C determined by the null
Ricci tensor. The proof involves using a convenient adapted tetrad and then using some of the
Newman–Penrose Ricci identities; it is given in the appendix.
Thus the only conditions to be considered are I1 = I2 = 0 in the twisting case and
J1 = 0 in the twist-free case. Because I3 = I4 = I5 = I6 = 0 and J2 = J3 = 0, it follows
that the conditions I1 = I2 = 0 and J1 = 0 are invariant under local null rotations, under
spatial rotations, and under a change of sign of k. The invariants I1 and I2 are non-trivial. This
follows from the example in section 5.4, where these invariants are shown to be non-zero for
a particular class of twisting, pure radiation spacetimes. The invariant J1 is non-trivial. This
follows from the example in section 5.2.2, where it is shown to be non-zero for a particular
class of twist-free, pure radiation spacetimes.
To summarize: in the twisting case, the integrability conditions are
I1 = I2 = 0, (4.5)
where I1 and I2 are defined in (3.14) and (3.15). This set of conditions is invariant with
respect to spatial rotations, null rotations, and change of sign of k. Thus these conditions on
the twisting, shear-free, null geodesic congruence C represent geometric conditions on the
spacetime metric. In the twist-free case, the integrability condition is
J1 = 0, (4.6)
where J1 is defined in (3.26). This condition is unchanged by spatial rotations, null rotations,
and change of sign of k. Thus this condition on the twist-free, shear-free, null geodesic
congruence C represents a geometric condition on the spacetime metric.
5. Examples
We use the results of sections 3 and 4 to study four classes of pure radiation spacetimes taken
from the literature on solutions of the Einstein field equations.
2 The Newman–Penrose Ricci identities come into play when checking the invariance of A under null rotations.
10
Class. Quantum Grav. 31 (2014) 045022 C G Torre
5.1. A homogeneous pure radiation spacetime
Here we consider a one-parameter family of spacetimes which, until recently, was believed
to represent the only homogeneous, pure radiation solutions of the Einstein equations which
are not null electrovacua [9]. However, in [11] it was shown that these spacetimes are in fact
null electrovacua by exhibiting the electromagnetic sources for the spacetimes. The results
of [11] were originally obtained from the analysis of the previous sections, which we now
demonstrate.
In terms of coordinates (u, v, x, y) on R4 and a parameter w, the homogeneous, pure
radiation metric in question is given by
g := −2e2wxdu ⊗ du + du ⊗ dv + dv ⊗ du + dx ⊗ dx + dy ⊗ dy. (5.1)
(See theorem 12.6 in [9].) The Ricci tensor R of this metric is given by
R = 4w2e2wxdu ⊗ du, (5.2)
which is readily seen to be null, satisfying (2.1). The null vector field k defined in (2.2), tangent
to the null congruence C, is given by
k = 4wewx∂v. (5.3)
A null tetrad (k, l, m, m) adapted to k is
k = 4wewx∂v, l = − 14w (e
−wx∂u + ewx∂v ),
m = 1√
2
(∂x + i∂y), m = 1√
2
(∂x − i∂y). (5.4)
The Newman–Penrose spin coefficients for this tetrad are
α = β =
√
2
4
w, ν =
√
2
16w
,  = γ = κ = λ = μ = π = ρ = σ = τ = 0. (5.5)
From κ = 0 = σ we see that the null congruence is geodesic and shear-free. From ρ = 0
we see that the twist of the congruence vanishes. The associated foliation of spacetime is by
the null hypersurfaces u = const. Because the congruence is twist-free, the only remaining
condition for a null electrovacuum is (4.6), which is easily seen to be satisfied by the spin
coefficients in (5.5). Thus the metric (5.1) is a null electrovacuum.
We now use equations (2.11) to compute the electromagnetic field. After some minor
simplifications, these three equations respectively take the form
− i∂xφ + ∂yφ − w = 0, i∂xφ + ∂yφ − w = 0, ∂vφ = 0. (5.6)
The general solution to these equations is
φ = wy + h(u), (5.7)
where h is an arbitrary function. Choosing s = ∂x in (2.4) and then constructing F via (2.6)
we get the null 2-form
F = 2w cos(wy + h(u)) ewxdu ∧ dx − 2w sin(wy + h(u)) ewxdu ∧ dy. (5.8)
It is straightforward to verify that (g, F ) defined by (5.1) and (5.8) satisfy the Einstein–Maxwell
equations (1.1), (1.2).
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5.2. Spherically symmetric and plane symmetric pure radiation spacetimes
Here we consider a couple of classes of pure radiation solutions of the Einstein equations,
obtained by assumptions of plane symmetry and spherical symmetry. These metrics depend
upon a freely specifiable function m(u). We use the results of sections 3 and 4 to determine
whether the metrics can define null electrovacua, perhaps for some special choices of m(u).
Despite considerable mathematical similarity between these two classes of metrics, we shall
see that they have very different properties with regard to the Einstein–Maxwell equations, as
might be expected on physical grounds.
5.2.1. Plane symmetry. Let (u, x, y, z), with z > 0, be coordinates on M = R4. The plane
symmetric, pure radiation metric is of the form [9]
g = 2m(u)
z
du ⊗ du − du ⊗ dz − dz ⊗ du + z2(dx ⊗ dx + dy ⊗ dy), (5.9)
where m(u) is any monotonically decreasing function, m′ < 0. The Ricci tensor of g is
R = − 2
z2
m′(u)du ⊗ du, (5.10)
which satisfies all conditions in (2.1). The vector field k tangent to the null congruence C is
determined by (2.2) to be
k = 2
z
√
−2m′(u)∂z. (5.11)
A null tetrad (k, l, m, m) adapted to k is given by
k = 2
z
√
−2m′(u)∂z, l = 12√−2m′(u) (z∂u + m(u)∂z),
m = 1√
2z
(∂x + i∂y), m = 1√
2z
(∂x − i∂y). (5.12)
The spin coefficients for this tetrad are given by
α = β = κ = λ = π = σ = τ = ν = 0,  = − 1
z2
√
−2m′(u),
γ =
√
2zm′′(u)
16(−m′(u))3/2 , μ =
m(u)
2z
√−2m′(u) , ρ = −
2
z2
√
−2m′(u). (5.13)
From κ = σ = 	(ρ) = 0 we see that C is geodesic, shear-free, and twist-free. Thus (5.9) is
a null electrovacuum if and only if (4.6) is satisfied, which is easily verified to be the case.
Thus all plane symmetric pure radiation spacetimes (5.9) are null electrovacua, a result already
known through other methods [9].
5.2.2. Spherical symmetry. The spherically symmetric pure radiation spacetime is given by
the Vaidya metric:
g = −
(
1 − 2m(u)
r
)
du ⊗ du − du ⊗ dr − dr ⊗ du + r2(dθ ⊗ dθ + sin2 θdφ ⊗ dφ), (5.14)
where r > 0, r = 2m(u), θ and φ are coordinates on the sphere, and where m(u) is any
monotonically decreasing function. The Ricci tensor of g is
R = − 2
r2
m′(u)du ⊗ du, (5.15)
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which satisfies all conditions in (2.1). The vector field k tangent to the null congruence C is
determined by (2.2) to be
k = 2
r
√
−2m′(u)∂r. (5.16)
A null tetrad (k, l, m, m) adapted to k is given by
k = 2
r
√
−2m′(u)∂r, l = r2√−2m′(u)
(
∂u − 12
(
1 − 2m(u)
r
)
∂r
)
,
m = 1√
2r
(
∂θ + i
sin θ
∂φ
)
, m = 1√
2r
(
∂θ − i
sin θ
∂φ
)
. (5.17)
The spin coefficients of this tetrad are
κ = λ = ν = σ = π = τ = 0, α = −
√
2
4r
cot θ, β =
√
2
4r
cot θ,
 = − 1
r2
√
−2m′(u), γ = 1
4[−2m′(u)]3/2 (rm
′′(u) + m′(u)),
μ = −
(
1 − 2m(u)
r
)
1
4
√−2m′(u) , ρ = −
2
r2
√
−2m′(u). (5.18)
From κ = σ = 	(ρ) = 0 we see that C is geodesic, shear-free, and twist-free. Thus
(5.14) is a null electrovacuum if and only if (4.6) is satisfied. Using (5.18) we have
J1 = [(δ + β − α)(τ − 2β)] − 12 (μ − μ)( − ) =
1
2r2
. (5.19)
Thus (4.6) can never be satisfied and the spherically symmetric pure radiation spacetime
(5.14) can never be a null electrovacuum. Equation (5.19) establishes the non-triviality of the
invariant J1.
5.3. Nurowski–Tafel spacetimes
Nurowski and Tafel have constructed a class of solutions of the Einstein–Maxwell equations
[12] with null electromagnetic field. In particular, they have found the only known solutions
which have twisting rays and a purely radiative electromagnetic field. These solutions are
built from a freely specifiable holomorphic function b(ξ ) and two parameters, α and c2. We
consider a special case of these solutions, specialized to Petrov type III (c2 = 0) and with
b(ξ ) = b/ξ , where b is a real constant. To avoid confusion with the Newman–Penrose spin
coefficients, we relabel α as the parameter a in the metric. We will verify that the integrability
conditions (4.5) are satisfied and then construct the electromagnetic field from the metric.
The metric can be defined by a specification of an adapted null tetrad (k, l, m, m). We use
coordinates (u, r, ξ , ξ ), with ξ being the complex conjugate of ξ . With the definitions
χ := 2
√
2(|ξ |2 + 1)2√
a2(1 − |ξ |2)2 + r2(1 + |ξ |2)2
(5.20)
ψ = 1 + |ξ |
2 − |ξ |4 + (|ξ |2 + 1)2 ln(|ξ |2 + 1)
ξ 2[a(1 − |ξ |2) − ir(1 + |ξ |2)] , (5.21)
we have for the adapted tetrad [12]
k = b
2
|ξ |3 χ∂r, (5.22)
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l = |ξ |
3
b2χ
∂u − |ξ |
χ
∂r (5.23)
m = a
b
ψ∂u + 2abξ
a(1 − |ξ |2) − ir(1 + |ξ |2)∂r −
ib(1 + |ξ |2)2
a(1 − |ξ |2) − ir(1 + |ξ |2)∂ξ (5.24)
m = a
b
ψ∂u + 2abξ
a(1 − |ξ |2) + ir(1 + |ξ |2)∂r +
ib(1 + |ξ |2)2
a(1 − |ξ |2) + ir(1 + |ξ |2)∂ξ . (5.25)
The metric defined by this null tetrad is a pure radiation solution of the Einstein equations and
satisfies (2.2).
The spin coefficients for this tetrad are given by
κ = λ = π = σ = τ = 0, (5.26)
α = − ib[a(|ξ |
4 − 16|ξ |2 + 3) + ir(|ξ |4 − 2|ξ |2 − 3)](1 + |ξ |2)
4ξ 2[a2(|ξ |2 − 1)2 + r2(|ξ |2 + 1)2]
(5.27)
β = −b[a(−3|ξ |
4 + 4|ξ |2 + 3) + ir(3|ξ |4 + 6|ξ |2 + 3)](1 + |ξ |2)
ξ 2[a2(|ξ |2 − 1)2 + r2(|ξ |2 + 1)2] (5.28)
 = i
√
2b2[(2a(1 − |ξ |2) + ir(|ξ |2 + 1)](|ξ |2 + 1)3
|ξ |3[a2(|ξ |2 − 1)2 + r2(|ξ |2 + 1)2]3/2 (5.29)
γ = i
√
2|ξ |[(2a(1 − |ξ |2) + ir(|ξ |2 + 1)]
8(|ξ |2 + 1)[a2(|ξ |2 − 1)2 + r2(|ξ |2 + 1)2]1/2 (5.30)
μ = i
√
2|ξ |[a2(|ξ |2 − 1)2 + r2(|ξ |2 + 1)2]1/2
4(|ξ |2 + 1)[(a(|ξ |2 − 1) − ir(|ξ |2 + 1)] (5.31)
ν = iξ
2[a(|ξ |2 − 1) + ir(|ξ |2 + 1)]
8b(|ξ |2 + 1)2 (5.32)
ρ = − 2i
√
2b2(|ξ |2 + 1)3
|ξ |3[a(|ξ |2 − 1) + ir(|ξ |2 + 1)][a2(|ξ |2 − 1)2 + r2(|ξ |2 + 1)2]1/2 . (5.33)
Since κ = σ = 0, the congruence determined by k is geodesic and shear-free. Moreover,
ω ≡ −	(ρ) = 2
√
2ab2(|ξ |2 − 1)(|ξ |2 + 1)3
|ξ |3[a2(|ξ |2 − 1)2 + r2(|ξ |2 + 1)2]3/2 (5.34)
so the congruence is twisting. A lengthy computation shows that the conditions (4.5) are
satisfied. Thus this pure radiation spacetime is indeed a null electrovacuum.
We now construct the electromagnetic field. The equations (2.11) and (3.9) for the duality
rotation function φ can be massaged into the form
∂uφ = 0. (5.35)
∂rφ = a(|ξ |
4 − 1)
a2(|ξ |2 − 1)2 + r2(|ξ |2 + 1)2 (5.36)
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∂ξφ = −3i2
(a2 + r2)(1 + |ξ |4) − 2(a2 − r2 + 23 iar)|ξ |2
a2(|ξ |2 − 1)2 + r2(1 + |ξ |2)2 (5.37)
∂ξφ =
3i
2
(a2 + r2)(1 + |ξ |4) − 2(a2 − r2 − 23 iar)|ξ |2
a2(|ξ |2 − 1)2 + r2(1 + |ξ |2)2 . (5.38)
The solution to these equations is
φ = 3i
2
ln
(
ξ
ξ
)
+ tan−1
(
r(|ξ |2 + 1)
a(|ξ |2 − 1)
)
+ const. (5.39)
The resulting electromagnetic field is given by
F = cos φ  ∧  − sin φ  ∧ ϒ, (5.40)
where
 = − b
2
2|ξ |3 χdu + i
√
2a
1 + |ξ |2 − |ξ |4 + (|ξ |2 + 1)2 ln(|ξ |2 + 1)
|ξ |3ξ
√
a2(|ξ |2 − 1)2 + r2(|ξ |2 + 1)2
dξ
−i
√
2a
1 + |ξ |2 − |ξ |4 + (|ξ |2 + 1)2 ln(|ξ |2 + 1)
|ξ |3ξ
√
a2(1 − |ξ |2)2 + r2(1 + |ξ |2)2
dξ (5.41)
 = − i√
2b(|ξ |2 + 1)2 {ξ [a(|ξ |
2 − 1) + ir(|ξ |2 + 1)]dξ
−ξ [a(|ξ |2 − 1) − ir(|ξ |2 + 1)]dξ} (5.42)
ϒ = 1√
2b(|ξ |2 + 1)2 {ξ [a(|ξ |
2 − 1) + ir(|ξ |2 + 1)]dξ
+ξ [a(|ξ |2 − 1) − ir(|ξ |2 + 1)]dξ}. (5.43)
The metric determined by the null tetrad (5.22)–(5.25) and the electromagnetic field given by
(5.40) satisfy the Einstein–Maxwell equations.
5.4. A twisting, pure radiation spacetime
Let (u, r, ξ , ξ ) be a chart on M, where u, r are real and ξ , ξ are complex conjugates. The
following null tetrad (k, l, m, m) is constructed from a twisting, pure radiation solution of the
Einstein equations given in [9] (see equation (30.46) in [9] with K = 0):
k =
√
24m0
u
1
|B|∂r, (5.44)
l = |B|
√
u
24m0
∂u + 1√24m0u|B|
[(
a40a
6
1u
5 + a20a21ur2
)|ξ |2 + r(a20a41u4 + m0u + r2)]∂r, (5.45)
m = a0a1ξu
B
∂u + 2ia
2
0a
3
1u
2ξ
B
∂r − ia1uB ∂ξ (5.46)
m = a0a1ξu
B
∂u − 2ia
2
0a
3
1u
2ξ
B
∂r + ia1uB ∂ξ . (5.47)
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Here a0, a1 = 0, m0 = 0 are real parameters and
B = a0a21u2 + ir. (5.48)
The metric defined by this null tetrad satisfies (2.2). The spin coefficients are given by
κ = σ = λ = π = τ = 0, (5.49)
and
α =
(− 3a0a21u2 + ir)a0a1ξ
4B2
, β =
(− 7a0a21u2 + 3ir)a0a1ξ
4B2
(5.50)
 = −
√
6m0r√
u|B|3 , ρ = −
2i
√
6m0√
uB|B| (5.51)
μ = −i
√
u
24m0
B
|B|3
[(
a40a
6
1u
4 + 2ia30a41ru2 − a20a21r2
)|ξ |2
+ia30a61u5 − 2a20a41ru3 − ia0a21r2u − m0r
] (5.52)
γ = − 1
8|B|3√6m0u
[
2
(
a40a
6
1ru
5 + a20a21r3u
)|ξ |2 + 7a40a81u8 − 4iu3a0a21m0r
+2a20a41m0u5 + 12a20a41r2u4 + 5r4
] (5.53)
ν = − ia0a1Bξ
24m0B2
[
a30a
6
1u
6 + 3ia20a41ru4 − 2a0a21m0u3 − 3a0a21r2u2 − ir3
]
. (5.54)
The null congruence is shear-free and geodesic. The twist of the congruence is given by
ω = −	(ρ) =
√
24m0a0a21u3/2
|B|3 . (5.55)
The twist vanishes in an open set if and only if a0 = 0. Assuming a0 = 0, the spacetime is an
electrovacuum if and only if I1 = I2 = 0. We have
I1 =
6
√
6m0a30a51ξu3/2(a0|ξ |2 + iu)
B|B|5 = I2. (5.56)
Evidently, this pure radiation spacetime cannot be an electrovacuum if the twist is to remain
non-vanishing. If the twist is set to zero via a0 = 0 the resulting spacetime satisfies (4.6)
and is diffeomorphic to one of the null electrovacua of Petrov type D originally found by
Robinson and Trautman [9]. The non-vanishing of the invariants I1, I2 in (5.56) confirms their
non-triviality.
6. Summary
We summarize the results of this paper by giving an algorithm which takes as input a spacetime
metric and determines whether it defines a null electrovacuum and, when it does, builds the
null electromagnetic field.
• Given a metric g, compute its Ricci tensor Rab. If the Ricci tensor vanishes this is a vacuum
spacetime.
• Check whether the Ricci tensor is null and positive, (2.1). If (2.1) is not satisfied the
spacetime cannot be a null electrovacuum.
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• From the null Ricci tensor, determine a null vector field ka by solving the quadratic
equations Rab = 14 kakb.• The vector field ka determines a geodesic null congruence C. From the first derivatives of ka
check whether C is shear-free. If C is not shear-free, then g cannot be a null electrovacuum.
• Construct a null tetrad adapted to the shear-free, geodesic, null congruence C, that is, a null
tetrad whose first leg is ka. Compute the Newman–Penrose spin coefficients of the tetrad.
Compute the twist of C.
• If the twist of C vanishes, check (4.6). If (4.6) is not satisfied, g does not define a null
electrovacuum. If (4.6) is satisfied, g defines a null electrovacuum and the electromagnetic
field can be obtained by solving (2.11) and then using (2.8), (2.4) and (2.6).
• If the twist of C does not vanish, check (4.5). If these conditions are not satisfied, g
does not define a null electrovacuum. If the conditions (4.5) are satisfied, g defines a null
electrovacuum and the electromagnetic field can be obtained by solving (2.11), (3.9) and
then using (2.8), (2.4) and (2.6).
Implementation of this algorithm requires only (a) solving algebraic equations which are at
most quadratic, and (b) solving an integrable system of over-determined linear, inhomogeneous
PDE of the form dφ = A.
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Appendix. Appendix: Proof of triviality of I3, I4, I5, J2, and J3
Here we prove that the integrability conditions I3 = I4 = I5 = 0 in the twisting case, and
J2 = J3 = 0 in the twist-free case, are always satisfied by the shear-free, geodesic, null
congruence C determined by the null Ricci tensor.
We will need the following results from the Newman–Penrose formalism [8]. Under a
spatial rotation (2.14) we have
τ → e2iθ τ (A.1)
α → e−2iθ (α + iδθ ) (A.2)
β → e2iθ (β + iδθ ) (A.3)
 →  + iDθ. (A.4)
Under a null rotation (2.15) we have
τ → τ + cσ + cρ + |c|2κ (A.5)
α → α + c + cρ + c2κ (A.6)
β → β + cσ + c + |c|2κ (A.7)
 →  + cκ. (A.8)
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We also need the following Ricci identities:
Dρ − δκ = ρ2 + |σ |2 + ( + )ρ − κτ − (3α + β − π)κ + 00, (A.9)
Dμ − δπ = (ρ −  − )μ + σλ + (π − α + β)π − νκ + 2 + 2, (A.10)
Dα − δ = (ρ +  − 2)α + βσ − β − κλ + ( + ρ)π + 10, (A.11)
Dβ − δ = (α + π)σ + (ρ − )β − (μ + γ )κ − (α − π) + 1 (A.12)
Dτ − κ = (τ + π)ρ + (τ + π)σ + ( − )τ − (3γ + γ )κ + 1 + 01 (A.13)
δα − δβ = μρ − λσ + |α|2 + |β|2 − 2αβ + (ρ − ρ)γ + (μ − μ) − 2 +  + 11,
(A.14)
δρ − δσ = (α + β)ρ − (3α − β)σ + (ρ − ρ)τ + (μ − μ)κ − 1 + 01. (A.15)
Henceforth we assume that the null tetrad is adapted to the tangent to C, so that
κ = σ = 0 = 1 = 00 = 01 = 10 = 02 = 20
= 11 = 12 = 21 =  = 0 (A.16)
and (see (2.12))
(ρ) = 2(). (A.17)
We first show that I4 and I5, defined in (3.17) and (3.18), vanish automatically in the case
where the shear-free, null geodesic congruence C defined by the null Ricci tensor is twisting,
ω = 0. We begin by fixing a convenient class of adapted null tetrads. From (A.4), choosing
θ : M → R such that
Dθ = −	(), (A.18)
we obtain an adapted tetrad for which
 = . (A.19)
From (A.5) and (A.7), choosing c : M → C such that
c = − 1
iω
(τ − 2β), (A.20)
we obtain a tetrad with
τ = 2β, (A.21)
and, since  is invariant under a null rotation when κ = 0, we maintain  = . Using such a
tetrad, (A.12), (A.13), (A.15), (A.16), (A.19), and (A.21) imply
(δ + π − α − β)ω = 0, (A.22)
which, along with (A.19) and (A.21), implies that I4 and I5 = I4 vanish with this particular
choice of adapted tetrad. As pointed out in section 4, these quantities transform homogeneously
under a change in tetrad, and under k → −k. Therefore they vanish for any choice of k and
for any choice of adapted tetrad.
To prove that I3 given in (3.16) vanishes we again fix a tetrad satisfying  =  and
τ = 2β. With such a tetrad
I3 = ω2[( − 2(γ ))ω − (D + 2)	(μ)]. (A.23)
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Now return to (A.22) which implies
[δ¯, δ](ω) = δ[(α + β − π)ω] − δ[(α + β − π)ω]. (A.24)
Use (3.1) to evaluate the bracket on the left side of (A.24). In the resulting identity, use (A.9),
(A.10), and (A.14), along with (A.19) and (A.21), to find that (A.23) vanishes for the tetrad
being used. The transformation properties of the integrability conditions now guarantee that
I3 vanishes for any tetrad adapted to k and for any choice of k.
In the twist-free case, ω = −	(ρ) = 0, we can still fix a tetrad with  = , and now we
distinguish two cases: (a) ρ = 2 = 0 and (b) ρ = 2 = 0. In case (a) (A.11) and (A.12)
imply Dα = Dβ = 0 and it follows that J2 = 0 = J3. In case (b), a null rotation with
c = − 1
ρ
(α − β) (A.25)
sets
α = β, (A.26)
still maintaining  = . Equations (A.11) and (A.12) now imply that π = 0, whence (A.13)
implies (D − ρ)τ = 0. Equations (A.12) and (A.15) now imply that (D − ρ)β = 0,
whence J2 = 0 = J3 for this particular adapted tetrad. Since these quantities transform
homogeneously under a change in tetrad, and under k → −k, they vanish for any choice of k
and for any choice of adapted tetrad.
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